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Abstract

For the internal energy and every thermodynamic potential that can be defined by a Legendre transform, there is a
fundamental equation that contains all the thermodynamic information about a system. For a system involving the
binding of molecular oxygen and hydrogen ions by a protein, fundamental equations are given for the Gibbs energy
G, the transformed Gibbs energy at specified pH, and the further transformed Gibbs en&rf\at specified pH
and specified concentration of molecular oxygen. The Maxwell equations for these various Gibbs energies are
important because they provide the connection with experimentally determined properties and increase our understand-
ing of these properties. Measurements of the average number of oxygen molecules bound as a fuficpbharfd
concentration of molecular oxygen make it possible to calcula&® of the reactant. Maxwell equations make it
possible to calculate the average number of hydrogen ions bays®, A;H"° and their partial derivatives. These
relations are illustrated with numerical calculations on a simple reaction system.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction change and equilibrium for a one-phase system at

specifiedT and P is provided by the Gibbs energy
In studying biochemical reaction systems vari- C: the number of independent variablesiis-2 if

ous choices can be made of independent variablesthere are no chemical reactions awg-2 if there

to suit the situation in the laboratory or for the @are chemical reactions, whedeis the number of

interpretation of the data. As Calldfa] comment- different species and/. is the_ number of compo-

ed in 1985, ‘The choice of variables in terms of Nents (No=N—R, where R is the number of

which a given problem is formulated, while a mdependent reactionsLegendre tr_ansforms of the

seemingly innocuous step, is often the most crucial Gibbs energy can be used to define other thermo-

step in the solution’. The criterion for spontaneous dynamic potentials that provide the criteria for
spontaneous change and equilibrium when, for

*Tel.: +1-617-253-2456; fax:+ 1-617-253-7030. example, concentrations of certain species are cho-
E-mail address: alberty@mit.eduR.A. Alberty). sen as independent variables. For each thermody-
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namic potential defined in this way, there is a treatment of hemoglobin involves very long equa-
fundamental equation that expresses the differen-tions, the current discussion is limited to a mac-
tial of the particular thermodynamic potential in romolecule M that binds one oxygen molecule and
terms of the differentials of the independent vari- has two acidic groups linked to the binding site.
ables for that potential. If a thermodynamic poten- The research on the binding of oxygen molecules
tial can be expressed as a function of its and hydrogen ions by hemoglobin and other pro-
independent variables as a result of experimental teins up to 1990 has been summarized by Wyman
work, all of the other thermodynamic properties of and Gill [3].
the system can be calculated by taking partial The simple reaction system considered here is
derivatives of the thermodynamic potential with
respect to its independent variables. The funda- »rkin  pKowm
mental equation for a system is also important M =HM=H,M
because it leads to a number of Maxwell relations K]|
(second cross partial derivativethat show how  MO,=HMO,=H,MO, @)
the various thermodynamic properties are related PKivoz pKamoz
to each other and to experimental measurements.
The Maxwell relations that connect thermodynam- where K=[M][O,]/[MO,] and the hydrogen ions
ic properties with experimental measurements are have been omitted in the acid dissociations. This
of special importance because thermodynamic simple reaction system was chosen because Anton-
potentials likeG cannot be determined directly. ini et al. [4] made a very thorough study of the
The approach described here has been developedquilibrium constants and enthalpies of reaction
to treat the thermodynamics of metabolic reactions involved in human and horse hemoglobin. A sys-
that are catalyzed by enzymes, but it also applies tem like this can be treated in three wayg) it
to protein—ligand reactions like the binding of can be discussed in terms of species by use of the
molecular oxygen and hydrogen ions by hemoglo- Gibbs energyG. (2) It can be discussed at a
bin. For this latter example of ligand binding, the specified pH by representing the system by
fundamental equations has been given for the H,MO,=H_ M + 0O, where the subscripts av indi-
Gibbs energyG, the transformed Gibbs energy/ cate average numbers, by use of the transformed
at specified pH, and the further transformed Gibbs Gibbs energyG’. (3) It can be discussed at a
energyG” at specified pH and specified concentra- specified pH andO,] by representing the system
tion of molecular oxygeri2]. However, since the by H,MO,,, and using the further transformed
emphasis in the 1996 article was on the dissocia- Gibbs energyG”. It is this third type of treatment
tion of hemoglobin tetramers to dimers, other that led Wyman[5] to introduce the binding
important aspects of the thermodynamics of ligand potential, which he represented by the Rusdian
binding were omitted. In discussing the fundamen- The current article discusses this simple reaction
tal equation for the transformed Gibbs energy at system in all three ways. The transformed Gibbs
specifiedT, P and pH, the terms involvingT dP energy was developed to treat metabolism at spec-
and dpH were omitted, and in discussing the ified pH, and the further transformed Gibbs energy
further transformed Gibbs energy’ at specified  was developed to treat series and cycles of meta-
T, P, pH and concentration of molecular oxygen, bolic reactions at specified pH and specified con-
the terms involving @, dP, dpH and dO,] were centrations of coenzymes. The thermodynamics of
omitted. Because of these omissions, the variousligand binding and metabolism should not be
Maxwell equations were not discussed. Since the considered to be separate subjects because proteins
objective in 1996 was to calculate equilibrium may be reactants in metabolic reactions. In fact
compositions, the fact that hemoglobin is an allo- thermodynamic properties of three proteins have
steric protein that exists in more than one confor- already been included in the data base Basic-
mation was not considered. The objective here is BiochemDatad6] for calculating apparent equilib-
to discuss these omissions. But since the full rium constants of enzyme-catalyzed reactions.
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These three proteins are cytochroméhioredoxin,
and ferredoxin. The thermodynamic properties of

545

standard Gibbs energies of formation of the six
species involving protein. The standard Gibbs

the reactive sites of these proteins have beenenergies of formation of © and H are known,

calculated from apparent equilibrium constants for
enzyme-catalyzed reactiofig,g].

2. Fundamental equation for the Gibbs energy

The Gibbs energyG provides the criterion for
spontaneous change and equilibrium at specified
and P in terms of species. The species involved
are represented by M, HM, H M, MO , HMQO ,
H,MO,, H* and O,, where M represents the

macromolecule. Although these symbols are used,

we are really concerned with the binding site for
molecular oxygen that is linked with two acid
dissociations. As discussed earlié} this involves
the assumption that the binding polynomial for
hydrogen ions can be factored into a binding
polynomial for the acid groups of the binding site
and a binding polynomial for acid groups outside
the site. The fundamental equation for the Gibbs
energy is

dG = —SdT +VdP+ pn.(M)dn(M)
+ (HM)dr(HM) + . (H,M)dn(H M)
+u(l\/|O )ydn(MO,)
+w(HMO,)dn(HMO,)
+ p(HoMO)dn(H MO )
+r(HT)dn(H™) +(O2) di(Oy)

This fundamental equation involves eight spe-
cies, and there are five independent reactions
between these species. The numbBeof compo-
nents is given byC=N—R=8—-5=3 whereN is
the number of different species arkl is the

2

number of independent reactions. The components

can be taken to be M, © and H.

and we will see that, in principle, the standard
Gibbs energies of formation of all the other six
species can be determined by studying the system
at specified pHs and specified concentrations of
molecular oxygen.

3. Fundamental equation for the transformed
Gibbs energy at specified pH

When the pH is specified the Gibbs energy
does not provide the criterion for spontaneous
change and equilibrium, and so it is necessary to
use the Legendre transforfh0—13
G'=G—n(H)p(H") (3)
to define a transformed Gibbs energ{that does.

A Legendre transform always involves subtracting
a product of conjugate variables from a thermo-
dynamic potential. The conjugate property to the
chemical potential of hydrogen ions is the amount
n{(H) of hydrogen atoms in the system. The
amount of the hydrogen component is given by
n(H)=3N,()n;, where N,(i) is the number of
hydrogen atoms in speciésSince only differences

in numbers of hydrogen atoms in products and
reactants are actually involved in calculations, it is
not necessary to count all of the hydrogen atoms
in a protein molecule or a binding site. Substituting
the expression forn.(H) andG=3pxn; in Eq. (3)
yields the expression for the transformed chemical
potential of species

Wi=p—Nu(Dp(H") (4)

This equation can be used to eliminate @ll

Since there are five equilibrium constant expres- from Eq. (2), exceptu(H*). This yields

sions and three conservation equations, the equilib-

rium concentrations of the eight species can be
calculated if the equilibrium constants are known
for five independent reactions at the desig&dP

and ionic strength. However, in the absence of
experimental methods for determining the equilib-
rium concentrations of all eight species, the five
reactions cannot be used directly to determine the

dG=—SdT +vdP+ ' (M)dn(M)
+ ' (HM)dn(HM) + p'(HM)dn(H M)
+pf(MO 2)dn(MO,)

+ ' (HMO,)dn(HMO,)

i (HMOa(HAMO

(

1'(0)dn(Og) + p(H*)dn (H) (5)
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At a specified pH, the species M, HM andg H M whereS§’ is the transformed entropy of the system;
are pseudoisomers; that is, the ratios of their g'—g—5, (H)S(H*) and S(H*) is the molar
equilibrium concentrations are independent of oth- entropy of hydrogen ions. Note that at specified
er reactions in the system. Sinca’_(_M)= T, P and pH, Eq.(9) integrates taG'=3u,'n;’, SO
p'(HM) = p/'(H.M) at equilibrium at specified pH,  that the transformed Gibbs energy of a system is
the three terms involving these transformed chem- aqditive in the transformed chemical potentials of
ical potentials can be added, and their sum is gpecies.
represented by p'(HyM)dn'(HaM),  where The fundamental equation f&¥ involves three
n'(HyM) is the amount of this reactant. For reactants, one reaction, and two components since
the same reasons, the three terms for MO , hydrogen ions are no longer conserved in the
HMO, and H,MO, can be replaced with gsystem. The reaction at specified pH is
W' (HaMO D) dn' (H MO ).

The differential of the transformed Gibbs energy H,MO,=H M+0O, (10
(Eqg. (3)) is given by i o

Introducing the extent of reactighinto Eq. (9)

dG'=dG —n(H)du(H*)—w(H")dn(H) (6) yields

Substituting Eq.(5) into this equation leads to dG'= =5 dIT+\(/)dP+A(er dg
the fundamental equation fo'. However, the +RTIn(10)n(H)dpH 1D
chemical potential of hydrogen ions is not a very where A,G’ is the transformed reaction Gibbs
useful independent variable because it is a function energy, AG'(HoM)+AG'(0,) — AG'(H, MO,).
of both temperature and concentratifid]. The At equflibrium ggspecifiedr P and pH deil}\/’/d.g:
differential of the chemical potential of the hydro- 5 |"the Gibbs—Duhem é—:‘quation c;orresponding

gen ion is given by with Eq. (11), dG’ is replaced with 0 and\,G'd&
is replaced with—&dA,G'. This makes it clear that
. op(H™) A,G' is a function of7, P and pH.
W =\ ar . dr Fundamental Eq(11) yields the expression for
"™ the apparent equilibrium constakit for Eq. (10),
dp(H™) N and the usual routes can be used to calculate
+ | diHT] M AGe°, AH° and AS© for H, M and H,MO, as
aH"] ),

functions of T and pH. The apparent equilibrium

Taking the indicated derivatives of constant is given by

p(HY)=wo(H*) +RTIn[H*] yields [HaM][O]
_ T ——
cu(H )= = (5 Rin[H )t SR —
—RTIn(lO)de (8) _ 1+10D M—P +10p M+ PK2am P
1+ 1QPKimo2—PH 1 (QPK1MO2 + PK2mo2 —2PH
where pH= —log[H*] andS°(H*) is the standard (12)

molar entropy of hydrogen ions. Substituting Eq.
(8) into the combination of Eq€5) and(6) yields
the fundamental equation for the transformed
Gibbs energy:

where [K,; and X, are the |Xs for the two oxygen-
linked acid dissociations and& is equal to the
apparent equilibrium constant at very high pH.
The standard transformed Gibbs energy of reaction
4G’ = — S'dT + VAP + ' (HaM)dr' (HaM) 's given by
+ 1/ (HaMO )dn'(H ,MO A,G"°= — RTINK 5, =A{G"(H, M) + AG'9(O,)
+RTIn(10)n(H)dpH+ p'(O,)dn’' (0,  (9) —A¢G'°(HaMOy) (13
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Ignoring the vdP term, fundamental Eq(11)
leads to three Maxwell relations:

NG’ B Ing(H)
S P e

=RTIN(10)A, Ny (14)
The derivative ofn.(H) with respect to the

extent of reaction is the change in bindidgVv,,

of hydrogen ions in the reaction. The second

Maxwell relation is

CPRE e B
ag T,P,pH &,P,pH '

The derivative ofS” with respect to the extent
of reaction is the change in transformed entropy
A.S" in the reaction. The third Maxwell relation is

aS’
(16
(9pH]ng JP@DH

This Maxwell relation does not introduce a new
thermodynamic property, but it provides an unex-
pected relationship between properties.

The transformed enthalpy of the system does
not appear in the fundamental equation, Sut
H'/T—G'/T can be substituted in Eq15). This
leads to the Gibbs—Helmholtz equatifitb].

9AG'
oT

(15

A(Tn(H))
T

—RIn(lO)[

H'=—=T%(G'/T)/IT) p phe 17
Substituting S'=H'/T—G'/T into Eq. (16)
yields

(n)
OpH )7 pe

These three Maxwell relations and the two
equations for the transformed enthalpy, which are
derived using Maxwell relations, can be written in
terms of standard transformed thermodynamic
properties of reaction as follows:

[

- —RT2In(1O)[an;(T|_|)] (18)
P.E,pH

1

ANy =
" RTIN(10)

oA G'°
G ) (19
TP

apH

547
AS°=— (—aAfG ] (20
oT P,pH
9A S’°J I(TAN H)J
— | = —RIn(lO)( (2D
[ 8pH T.P oT P,pH
AH"®= —T(AG'®/T)/0T) p i (22)
A H'© A
[a—] = —RTZIn(lO)(LNHJ (23
r’)pH T.P oT P,pH

Eq. (19) yields the change in binding of hydro-
gen atoms in the reaction, and EQO) yields the
standard transformed entropy of reaction. E2{l)
shows that it is the change IFA.N, with temper-
ature that determines the change in the transformed
entropy of reaction with pH. The change in the
binding of hydrogen iong\\N, in a reaction like
this can be determined experimentally, atd:"°
plus an integration constant can be calculated by
integrating Eg.(19). The integration constant can
be calculated using the experimental fact that
K'o, approache at high pH. It is of interest to
note that German and Wymda6] showed how it
is possible to obtain relative values of the oxygen
affinity of hemoglobin as a function of pH from
titration curves for oxygenated and deoxygenated
hemoglobin.

The properties in the preceding equations can
be calculated if the standard Gibbs energies of
formation are known for the species involved. Eq.
(4) can be written in terms of the standard ther-
modynamic properties of a species as follows:

A{G'?+ RTIn[i] = A;G?+ RTIn[i]

+ Nu(D{AGOH™)

+RTIn[H*]} (24)
where theRTIn[i] terms cancel. In treating meta-
bolic reactions[10] the extended Debye—Huckel
equation is used for activity coefficients, but in
the calculations presented here, this adjustment is
omitted as a simplification. Eq(24) shows that
the standard transformed Gibbs energy of a species
containingNy(i) hydrogen atoms is given by

AG'?=AG?+ N (i) RTIn(10)pH (25)



548 R.A. Alberty / Biophysical Chemistry 104 (2003) 543-559

When a reactant is made up of a sum of not provide the criterion for spontaneous change
pseudoisomers, the standard transformed Gibbsand equilibrium, and so it is necessary to use the
energy of formation of the reactafdlesignated by  Legendre transforni2]

J) is given by

G"=G"—n(Ox)n'(0y) (29
A7 =~ RTIn Y exp( — AG'7/RT) (26) to define a further transformed Gibbs energy
o . ] that does. The amount of the oxygen component
which is the equation for calculating the standard s given by n{(0,) =3N,(j)n/. Substituting this
transformed Gibbs energy,G’Y  of a pseudoisomer andG'=3p./n; into Eq.(29) yields the expression

group at a specified pH from the standard trans- for the further transformed chemical potential of
formed Gibbs energied;G'?  of the various pseu- reactant:

doisomers. This equation can be written in terms

E];]the binding polynomial for reactaytas follows — w",=p’;— No,())p'(Oy) (30)
' where of coursqu’(O,) =p(0,) since the species
AG'9=A¢G'9— RTIN(1 + 10~ PH+PKs does not contain a hydrogen atom. The differential
+1072pH+pK1+pK2) (27) of G" is

dG"=dG" — n(O,)dun'(Oy) — (0 dn {O 31
where A;G'? is the standard transformed Gibbs 1¢(02)0(02) ~'(0an (05 (31)

energy of formation of species number 1, which  Substituting Eq(9) in Eq. (31) and using Eq.
is the species with the fewest hydrogen atoms. (30) yields

The equilibrium mole fractions; of species in the

pseudoisomer group at a specified pH are given dG”"= —S5'dT'+VdP+ u"(H,M)dn"(H M)

by + W (HaMO dn”(H ,MO
+ RTIn(10)n(H)dpH
ri=exp{AG'9— AG'®/RT} (28) —n(O;)d'[O] (32)

It is more difficult to calculate species properties ~ However, the transformed chemical potential of
from experimental values of standard transformed molecular oxygen in aqueous solutiqri(O,) =
properties than to calculate reactant properties from p.'°(O,) +RTIn[O,] is not a very useful independ-
species properties, and the inverse Legendre transent variable because it is a function of both
form is useful in writing computer programs to do temperature and concentration. The differential of
this [17]. Eq. (12) and A,G'°= —RTInK',, make the transformed chemical potential of molecular
it possible to calculaté\,G’° for the dissociation  oxygen is given by
of oxygen from the macromolecule from laboratory
data. WhenA,G'’° is known as a function of pH ' (0y)
and temperature, all the other thermodynamic dp/(Oz)=[ o7 J
properties of this reaction can be obtained as (02]
functions of pH and temperature by use of the T (O]
Maxwell relations in Eqs(19)—(23). [ 3[03]

] d[o] (33)

4. Fundamental equation for the further trans-
formed Gibbs energy at specified pH and spec-
ified concentration of molecular oxygen dw'(0;) = —(S"’(Oz)—RIn[Oj)dT

. . + RTdIn[O,)]
When the concentration of molecular oxygen is ~
specified, the transformed Gibbs energy does = —8'(0y)dr + RTdIN[O] (34)

Taking the indicated derivatives pf(O,) yields
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where §°(0,) is the standard molar transformed  The second Maxwell relation shows how the

entropy of molecular oxygen in agueous solution. average binding of hydrogen ions by the binding
Substituting this into Eq(32) yields site can be calculated from the pH dependence of

A:G"(HoyMOo,,).
dG"= —S8"dT' +VdP + u"(HaM)dn"(H M)

+ 1 (HaMO)dn"(HaMO 5 [aAfG"J [ancm)J
- =RTIn(10
+ RTIn(10)n.(H)dpH OPH Jrp 0 n(10) an" )rppno

where §"=S"—n(0,)S'(0,) andS(0,) is the (38)

transformed molar entropy of molecular oxygen,  This Maxwell relation provides the second direct
which of course is equal to the molar entropy .,nnection with experimental data.

S(0,) of molecular oxygen in aqueous solution.  The next three Maxwell relations deal with the
At a specified concentration of molecular oxygen, further transformed entropy of formatiaxS” that
H.M and H,,MO,,, are pseudoisomers and have can be calculated using

the same further transformed Gibbs energy of

formation. Therefore these two terms in E§5) PY IAG"
can be replaced with a single term: [ ,,J = —(—J
on" )1.p,pH05) OT  J,.ppron
dG"= —S"dT +VdP+ A¢G"(HauMO5y) =AS" (39)
X dn"(HaMO 2,) + RTIN(10)n {(H)dpH _ _ _ _
—{RTn{(0,)/[04]}d 0} (36) The following two Maxwell relations involving

S” do not introduce new properties, but they show
whereA;G"(HaMO,,) = 1" (H 4MO ,.). Note that that the dependence 6f on pH is related to the
at specified7, P, pH and [O,], this equation  change in the binding of hydrogen ions with
integrates taG” =n"(HaMO 52) A G"(H oMO 4. temperature and the dependenceSbfon [O,] is

Eq. (36) indicates that whet', P, pH and[O,] related to the change in the binding of molecular
are held constant there is a single reactant, no0Xygen with temperature.
reactions, and a single componeiMote that since
there is a single component, no more Legendre  ,¢r a(TnC(H))J
transforms can be defined for this systgrgnor- [ ) T —
ing the VdP term, this fundamental equation has IPH ) 7.p 102 or Pn,pH (O]
six Maxwell relations. The first Maxwell relation (40)

is
08" 9(Tn(0y)) ]
" O =~ R[ oo
NO2] )7 pur pr " Jr.pprion (41

= —RTNo,

= —RIn(lO)[

(37) The sixth Maxwell relation shows the linkage
between the binding of hydrogen ions and oxygen
This Maxwell relation provides the first direct molecules.
connection in this section with experimental data an(O)
because the average number of oxygen moleculesln(lo)[oz][anC(H)J =[ (V2 ]
bound No, by the macromolecule at specified IOz Jrpprar IPH Jr.p 000
[0,] and pH can be determined spectrophoto- (42
metrically.
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The further transformed enthalpy is not directly
involved in Eq.(36), but of course A:H” can be
calculated under specified conditions usikg;” =
A:H" —TA:S". To obtain the function of’, pH and
[O,] for AH" we substitute\S" =AH"/T— A G"/

T in Eq. (39). This yields the Gibbs—Helmholtz
equation:
AH"= =T*((AG"/T)/IT) p pi 10y (43

To obtain the derivative oA:H” with respect to
pH, AS"=AH"/T—A:G"/T is substituted in Eq.
(40) to obtain

OAH" ON,
[ ! ) = —RTZIn(lo)[ HJ
opH J7p 10y IT" ) p,pH0n]

(44)

Substituting A:S"=AH"/T—AG"/T in Eq.
(41) yields

[aAfH"J R [8(T21V02)]
O Jyppn  [ON T Jppnioy

The six Maxwell relations and the three relations
for the further transformed enthalpy that were
calculated using Maxwell relations are especially
useful when they are written in terms of standard
molar properties.

(45)

IAG"™ .
[0 ]( ] — —RTN (46)
° 8[02] T,P,pH .
aA G//O _
(f—) =RTIn(10)N 47
apH T,P,[O2]
aA G//O
(4 ] — _AS 49)
T Jpprio)
"o o(TN
[aAfS ] =—Rln(10)[ ( H)J
IPH Jr.p 105 T JppHon
(49

R.A. Alberty / Biophysical Chemistry 104 (2003) 543-559

IAS"® B I(TNo,) ]
[02]( [0, ]T,P,pH_ _R[ T Jpprion

(50)

N, aN_OZ]
In(10)[O | 3oH >t
n(10)[ ﬂ(a[oﬂJr,P,pH [apH T.P,[03] .
AH" = =T d(AG"/T)/T ) p pajon (52

(aAfH”‘)

aN,
J = —RTZIn(lo)[ “J
opH Jzp 0y T ) p,pH0n]

(53)
[6AfH"°J __ R
O Jrppn O

[ 9(T?No,)
>< [
aT

J (54)
P.PHIO;]

SinceNy, can be determined experimentally, the
standard further transformed Gibbs energy of for-
mation of H, MO,,, plus an integration constant
can be calculated by the following integration:

AtG"°(HxMO,,,) +const

= —RTJ(NOZ/[Oj)d[OA (55)

We will see below that the integration constant
is a function of7T and pH.

Maxwell relations can be used X;G" can be
obtained as a function of, pH and [O,]. For
reaction system(Eqg. (1)) the standard further
transformed Gibbs energies of formation of,H M
and H,, MO, can be calculated using E&O).
AG"(HaM)=AG'(H M) (56)
AG"(HayMO,) =A G (H, MO ) — A G(O))

= AfG,O(HaVMOZ) - (AfGD(Oz,aq
+RTIn[Oy)) (57)

where the standard Gibbs energy of formation of
molecular oxygen in aqueous solution at 298.15 K
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can be calculated as a function Bfusing data in
the NBS tables[18]. The standard transformed
Gibbs energy of formation of the pseudoisomer
group is given by

A¢G"(HayMO ) =
— RTIn{exp( — AG"°(HaM)/RT)
+exp( —AG"(HaMO,)/RT) (58)
This equation can be written in terms of the
binding polynomial for molecular oxygen as
follows:

AfG”O(Hav,vl()Za\/) =A GNO(H a\JVI)
—RTIn(1+[Oﬂ/K’OZ) (59

In this equationA;G"°(H,M) is not a function
of [O,] because K, M does not contain,O . The
expression foK'o, has already been given in Eq.
(12). The relation between Eq$55) and (59) is
discussed in Section 7. The equilibrium concentra-
tions of H,,M and H, MO, are readily calculated
since the equilibrium mole fractions of reactants
in the pseudoisomer group are given by

r;=exp{(AG"2— AG,°)/RT } (60)

5. Use of the transformed Gibbs energy to treat
an allosteric protein

If protein M that binds one oxygen molecule at
a site linked with two acid groups is in equilibrium
with an isomer M*, then Eq(36) will have one
more term in it.

dG"= —S"dT +VdP+ 1" (HoMO 5,
X dn"(HayMO 50 + 1" (H oaM*O 55)
X dn"(HaM*O 549 + RTIN(10)n (H)dpH
—{RTny0,)/[04}d 0] (61)

We can regard this as a system with two reac-

551

this pseudoisomer group contains all the informa-
tion about the system. We expect that the function-
al dependence on pH ani®,] will have the same
form as for a single protein. The Maxwell relations
have the same form as those in E¢46)—(54).
Thus, even when there are a number of forms of
H.MO.,, equilibrium experiments can be repre-
sented thermodynamically as if there is a single
form. Of course the thermodynamic properties can
then be interpreted in terms of isomerization of
the reactant if there is other experimental data or
a theory for how to do it.

6. Calculations of transformed thermodynamic
properties for the reaction system

Given the [Xs, K, and the corresponding stan-
dard enthalpies of reaction for the reaction system
in Eqg. (1), it is possible to calculate all the
thermodynamic propertie§l) at specified pH by
using the reaction i M@=H M +0O,or (2) at
specified pH andO,] by representing the system
with H,,MO.,, The Xs used are those of Anton-
ini et al. [4] because their very thorough investi-
gation includes the effect of temperature on the
equilibrium constants of the binding sites in human
and horse hemoglobins. Theikp are based on
the assumption that the oxygen-linked groups are
independent. Howeverky and X, in Eq. (1) are
the usual thermodynamicks independent of any
assumptions. Actually some of the acid dissocia-
tions are cooperative, which indicates that they are
not independent. The & used in the current
calculations were obtained using

PK ,=log(10PK=+ 10PKe) (62)

PK>=pK ,+pKz—pK, (63)
where K, and X, are the s based on the
assumption that the oxygen-linked acid groups are
independent9,19. Eqgs.(62) and (63) were used

to calculate the g, and X, values given in Table

tants, one reaction, and one component, but we 1 for the temperatures used by Antonini et al.
can also regard it as having one reactant because When the s for a dibasic acid are far apart,

H.MO,,, and H, M*O,,, are pseudoisomers at
specified pH and[O,]. The expression for the
further transformed Gibbs energy of formation of

pK;=pK, and K,=pKg, but pk; may be quite
different form K, and (X, may be quite different
from pK; when [X; and X are close. If K, and
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Table 1
pKs of H,M and H, MO,

T (K) pK,(M) PK1(MO,) PK>(M) pK»(MO,)
283.15 8.09 6.91 5.42 6.00
293.15 7.85 6.67 5.46 6.04
303.15 7.63 6.45 5.50 6.08
313.15 7.42 6.24 5.43 6.11

pK, are closer than 0.6, the acid dissociation is
cooperative[9,19. The effect of ionic strength is
ignored here to simplify the calculations.

In order to be able to differentiate standard
thermodynamic properties with respect to temper-
ature, it is necessary to expresk;pand K, as
functions of temperature. Antonini et d4] found
that the standard enthalpy of acid dissociation is
37.7 kImot! for the F; values and —6.3
kJmol~! for the K, values. The s can be
represented as functions of temperature by use of

(#_1]
29315 T

(64)

AH®

pPK(T)=pK(293.19 — m

Since this is a hypothetical reaction system, the
value ofK in Egs.(1) and(12) is rather arbitrarily
taken to be 10° at 293.15 K, with ,H°=60.7
kJ mol~t, where the later value was used by
Antonini et al. The equilibrium constank for
MO,=M+0O, can be represented as a function of
temperature by

(65)

AH° 1 1
K(T)= 105ex{ (

R (29315 ?D

When the pH is specified, the function dfand
pH that representd;G'°(H,,M) can be calculated
using Eq.(27) in the form

AfG’O(HaVM) = AfG,O(M)
—RTIN(1+ 10~ PH+PKm
+ 10— 2PH+PKIM +pK2M)

(66)

where A;G'°(M)=0 becauseA;G°(M) is set at
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pK,\ are inserted in this equatiodG'°(H, M) is
obtained as a function df and pH.

When the pH is specified, the function Hfand
pH that representd;G’°(H,,MO,) can be calcu-
lated using Eq(27) in the form

AG"°(HoMO,) = AG'(MO,)
—RTIn(1+ 10~ PH*PKimo
+10- 2pH+pKimo2 + DKzMoz) (67)
where  A{G°(MO,) =A:G°(MO,) because
Ny(MO,)=0. The value ofA;G°(MO,) can be
calculated by using

—RTInK = AG°(M)
+A¢G°(0,) — AGAMOy,) (68)
The standard Gibbs energy of formation of O
in aqueous solution can be calculated at tempera-
ture T by using

AG°(0,,a9 = (T /298.15)A;G°(298.19
+(1—T/298.19A,H°(298.15
(69)

that is based on the assumption tqt/°(O,) is
independent of temperature in the range 283.15—
313.15 K. At 298.15 K the NBS tabldd 8] give
A:G°(0,, a9 =16.4 kI mot* and\;H%(O,, ag =
—11.7 kIJmot! . SinceX is given by Eq.(65),

Eg. (68) makes it possible to obtain the function
of temperature forA;G°(MO,). With K and the
pKs as functions off, Eq. (12) makes it possible
to calculateK,, as a function of7 and pH. The
standard transformed reaction Gibbs energy of
H. MO,=H M+0O, can be calculated using
A,G'°= —RTInKg,. This function of 7 and pH is
very complicated, but it and its various derivatives
can be calculated by use dfarhematica® [20).

Fig. 1 showsA,G’° in joule per mole as a
function of pH andr in the first plot.

The dissociation of molecular oxygen is unfa-
vorable over the entire range, but the dissociation
is greater at higher temperatures because the stan-
dard transformed enthalpy of reaction is positive,

zero at each temperature by convention and as shown by the third plot. The base ten logarithm

Ny (M)=0. When the functions of for pK;,, and

of the apparent dissociation constant is shown in



R.A. Alberty / Biophysical Chemistry 104 (2003) 543-559 553

Fig. 1. Standard transformed thermodynamic properties for the reactipn H=MQM + O, as functions of pH and" Energies
are given in joule per mole, and entropies are given in joule per kelvin per mole.
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the second plot. The standard transformed entropyand MO, . At a specified temperaturd,G’° plus

of reaction can be calculated by taking the deriv-
ative of A,G’° with respect to temperature, as
shown by Maxwell relation(Eg. (20)). A,S° is

positive over the whole range, as shown by the
fifth plot, and this favors dissociation, in opposi-
tion to the enthalpy change. The fourth plot gives
TA.S° in joule per mole, and when these values
are subtracted from the plot fd.H'°, the plot for

A.G'° is obtained. Some increase in entropy upon

an integration constant can be calculated by inte-
grating Eq.(19).

AG°+ const=RT|n(10)fArNHde (70)

This type of integration was used by Antonini
et al. [4]. The value of the integration constant
can be evaluated becausa,G'°= —(8.3149H

the dissociation is expected because two molecules(0.29315In 10~° at 293.15 K in the limit of high

are produced out of one. It may be that,H M has
a more random structure than,H MO . Another
factor to be considered in explaining the entropy

pH.

7. Calculation of the further transformed ther-

change is that there is a change in the binding of modynamic properties for the reaction system

hydrogen ions in the reaction, as shown by the
sixth plot. This plot is obtained by use of Maxwell
relation(Eq. (19)). At pH 7 and above there is an
uptake of hydrogen ions when the dissociation of

The standard further transformed Gibbs energies
of formation of H,, M and H,, MQ,,,, are calculated
by substituting Eqs(66) and (67) in Egs. (56)

oxygen occurs. This decreases the entropy of and(57). In Eq. (57), the value ofAG°(O,, ag

dissociation of oxygen in that pH range. Maxwell
relation (Eq. (21)) shows that the rate of change
of the standard transformed entropy of reaction
with respect to pH is proportional to the derivative
of TA.N, with respect to temperature. This is an
important new result. The seventh plot gives
dA.S°/dpH, and —RIn(10)d(TA,N,)/dT is given

by the same plot. The eighth plot gived #'°/

pH and —RT?n(10)dN,,/dT is given by the same
plot. Plots 7 and 8 look like they have the same
dependence o’ and pH, but they are slightly
different. These plots provide four checks on the
consistency of these calculations becafgg®=
AH°—TA.S° the third and fifth Maxwell rela-
tions are obeyed, and the plot foAd'®/dpH
minus T times the seventh plot gives the plot for
AN, after division byRTIn(10).

When data on reaction systefiq. (1)) are
interpreted in terms of i M@=H M+0O, the
experimental values of the apparent equilibrium
constantko, can be used to calculate,G"® as a
function of T and pH. This function contains all
the thermodynamic information on the system. The
change in the binding of hydrogen iodgNy, in
the reaction can be calculated using Maxwell
relation (Eqg. (19)). This property of the reaction

is replaced with the function df in Eq. (69). The
functions forA:G'°(H,M) andA:G’°(H,MO,) are
substituted in Eq(58) to obtain the function for
the standard transformed Gibbs energy of forma-
tion of the pseudoisomer group. The function
AG"°(H, MO,,) of T, pH and [O] is very
complicated, but it and its various derivatives can
be calculated by use dflathematica.

The first plot in Fig. 2 gives the standard further
transformed Gibbs energy of formation of the
system with respect to the standard Gibbs energy
of formation of the macromolecule. The conven-
tion is thatA;G°(M)=0 at each temperature, just
like an element in familiar chemical thermodynam-
ic tables. Adding oxygen or lowering the pH
increases the stability of the system, that is
A¢G"°(H, MO,,,) decreases. This surface looks
simple, but it contains a lot of information, as
shown by the other plots that are all calculated
from it. The second plot is obtained by use of
Maxwell relation(Eq. (46)) to calculate the aver-
age number of oxygen molecules bound by the
macromolecule. Oxygen is more tightly bound at
pH 9. Since the average number of oxygen mole-
cules bound can be determined spectrophotometr-
ically, this plot provides the way to obtain

can be obtained experimentally using a pHstat or A(G"°(H,MO,,,) by integration of No with

can be calculated from acid titration curves of M

respect to the oxygen concentration, as indicated
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Fig. 2. Standard further transformed thermodynamic properties at 293.15 K for the reaction system. These properties can be readily
calculated at other temperatures in approximately the range 273.15-323.15 K. Energies are given in joule per mole, and entropies
are given in joule per kelvin per mole.

by Eg. (55). The third plot showing the average The standard further transformed entropy of the
number of hydrogen ions bound by the macromol- system given in the fourth plot is obtained by use
ecule at each pH and concentration of molecular of Maxwell relation (Eg. (48)). At high pH and
oxygen is obtained by use of Maxwell relation in the absence of oxygen, the site is empty and
(Eq. (47)). At very high pHs no hydrogen ions the entropy of the binding site is equal to zero at
are bound by the site, and at very low pHs two each temperature. The standard further transformed
hydrogen ions are bound. At intermediate pHs the entropy of this reaction system is always negative,
shape of this plot indicates thekp of the acidic and so it increases the standard further transformed
groups in M and M@ . If the acid titration curves Gibbs energy. The standard further transformed
of M and MO, are determined in the laboratory at enthalpy of the system is obtained using the
a particular temperature, the average binding of Gibbs—Helmholtz equatiotEq. (52)). Multiply-
hydrogen ions can be calculated. ing values in the entropy plot by the temperature
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dAeS' ' °/dpH,R1n10d (TNy) /dT o
£ . H [02]dAgs’ '©/d[02], RA(TNpz) /AT

3 4 H
0'0898530 : p
c(02) /M "0 %

Fig. 3. Dependencies ;S and A;H"° on pH and[Q,] at 293.15 K for the reaction system. These properties can be readily
calculated at other temperatures in approximately the range 273.15-323.15 K. Enthalpies are given in joule per mole, and entropies
are given in joule per kelvin per mole.

and subtracting them from the values in the enthal- derivative ofA.S"° with respect to pH given in the
py plot yields the first plot, as expected from first plot is obtained from Maxwell relatiofEq.
AG"=AH"°—TAS"®. The sixth plot in Fig. 2 (49)), which can also be labeled —

deals with Maxwell relation(Eq. (51)) that = - : -
: o RIn(10)d(TN,,)/dT. This provides an explanation
expresses the linkage between the binding of of the dependence of the standard further trans-

oxygen molecules and the binding of hydrogen .
ions. It shows how the average binding of hydro- formed ef‘tmpy of forma’qon of § M&, on pH
because it shows that it is a result of the depend-

gen ions varies with the concentration of molecular

oxygen and how the average binding of oxygen €nce of7Ny on temperature. The second plot of
molecules varies with the pH. [0,1dAS"/d[O,] is obtained using Maxwell rela-

The dependencies akS" and AH"® on pH tion (Eq. (50)), and this plot can also be labeled
and [O,] at 293.15 K are shown in Fig. 3. The —R(d(TNo,)/dT). This shows that the depend-
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ence of the standard further transformed entropy involving protein,’ but determiningks, or ﬁoz
of formation of H, MO,,, on the concentration of makes it possible to obtaim\G°(MO,) with
molecular oxygen is a result of the dependence of respect toA;G°(M). The latter is set equal to zero
TN, on temperature. These mathematical relation- by convention. The Fs determined fronkg, or
ships have to be taken into account in interpreting n,, make it possible to calculatdG° and A;H®

the third plot in Fig. 2. for the other species.

The third plot of d\H"°/dpH in Fig. 3 is These discussions have involved a different
obtained using Maxwell relatiofEqg. (53)). This  approach than that introduced by Wyman and Gill
plot can also be labeled RT2n(10)(dN/dT). [3], but nevertheless these two approaches have a

The fourth plot of &:H"°/d[O,] is obtained from lot in common. The fundamental equations
Maxwell relation(Eq. (54)). This plot can also be  described here were developed to treat the enzyme-

Iabeled—(R/[Oz])(d(TZJVOZ)/dT). The first four  catalyzed reactions of metabolism, but proteins
plots in Fig. 3 have shown implicitty how may be involved in these reactions, and so it

dNo,/dT and dN_H/dT vary with pH and[O,], should be possible to treat metabolism and ligand

TP : binding together.
Sizghsrg)lottge% irigls;. own explicitly in the fifth and Wyman [5] introduced the concept of the bind-

This does not exhaust the partial derivatives that ingf po'clgnl(tial, qurc]h h.e repres?nte?] by thg Russjan
can be calculated. Di Cera et §1] have defined L for in f;ge.' d'sf.'s da bmo ar t ?rmoLynamdlc
the binding capacity, which is analogous to the property that is defined by use of a Legendre
heat capacity, and have applied it to the binding transform that introduces the chemical potential of

. P <, < the ligand as an independent intensive property.
of oxygen to hemoglobin. The binding capacity is A" . o
of interest because it is a measure of cooperativity. 1€ Pinding potential of Wyman, which is repre-

sented here by, is given by[3]

8. Discussion .
L=RTInY v,e"/k" (71

These derivations and their application to a i=1
reaction system demonstrate the importance of
fundamental equations and Maxwell relations in whereL; is the binding potential for théth form,
bringing together all the thermodynamic informa- v; is the equilibrium mole fraction of théh form,
tion on a complicated system. They also show andr is the number of forms. The thermodynamic
how these equations can be extended to treatproperty used in the current paper that is compa-
reaction systems with more reactantd;G"° rable toL is the further transformed Gibbs energy
(H,MO,,) is a complicated function of, pH of formation of H,, MO, that is given by
and [O,] that contains all the thermodynamic

information about the reaction system in Ed). AG = — RTIn% o MG R/RT
This function is not directly accessible by experi- =
ment, but measurements 8f,, make it possible +RTIN[H,MO 5] (72

to obtain it. The differentiation o\;G" can be
used to obtainA:S"°, A:H"°, and various deriva- where A;G"? is the standard further transformed
tives of these and other thermodynamic properties Gibbs energy of formation ofth form N” is the
of a reaction system. number of forms, andH,MO,,J is the total

In Section 2 on the fundamental equation €ar concentration of the macromolecule.
it was stated that ‘in the absence of experimental It may appear puzzling that the summation in
methods for determining the equilibrium concen- Eg. (72) does not involve the equilibrium mole
trations of all eight species, the five reactions fractions that appear in Eq71). This is because
cannot be used directly to determine the standardthe exponential terms in Eq(72) involve the
Gibbs energies of formation of the six species standard further transformed Gibbs energies of
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formation A;G"° of the various forms rather than

the further transformed Gibbs energy of formation
A:G". The standard further transformed Gibbs
energies of formatior\;G"?

are given by

AfG”? = AfG"i - RTIn[M i]

= AG";— RTIn(r,HaMO a]) (73

wherer; is the equilibrium mole fraction of thih
form of H,MO,,, Substituting Eq(73) in Eq.
(72) and setting[H,MO,,]=1 M yields

v
AG"=—RTInY rg 4@/KT (74

i=1

that is the same as Eq71) except for the sign
differences. In the Wyman approach, a normaliza- A#"

tion is used to eliminate the term for the macro-
molecule in the fundamental equation, and so the

of the various forms

ArGu
ArGuo
H
AdH;
AfH ?
AH
AHO
H
AH
Af H°

AH
ArHro

H"
Af H"

ArHH

concept of standard state for the macromolecule 4 g

does not arise. This does not cause a problem in

deriving Eg. (71), but the concentration of the
macromolecule is needed in treating an enzyme- X
catalyzed reaction involving a macromolecule and .
to obtain all of the Maxwell relations discussed |

here.

9. Glossary

C number of components

G Gibbs energy of a systeifd)

AG; Gibbs energy of formation of specié<J mol~1)

AG? standard Gibbs energy of formation of speaies
(I mol™t)

AG Gibbs energy of reactiofd mol~*)

AG° standard Gibbs energy of reactiéhmol~1)

G transformed Gibbs energy of a systéd

AG' transformed Gibbs energy of formation of
species or reactanj (J mol~t)

AG'™° standard transformed Gibbs energy of formation
of a species or reactany (J mol~?)

AG transformed Gibbs energy of reactiGhmol™*)

AG'° standard transformed Gibbs energy of reaction
(I mol %)

G" further transformed Gibbs energy of a systém

AG” further transformed Gibbs energy of formation of
reactantj or k (J mol?)

AG"° standard further transformed Gibbs energy of

formation of reactant or k (J mol™?)

1

further transformed Gibbs energy of reaction
(I mol™?)

standard further transformed Gibbs energy of
reaction(J mol~*)

enthalpy of a systerJ)

enthalpy of formation of specigs(J mol~?)
standard enthalpy of formation of species

(I mol™?)

enthalpy of reactior(J mol~?*)

standard enthalpy of reactidd mol~*)
transformed enthalpy of a syste(d)
transformed enthalpy of formation of speciesr
reactant (J mol™?)

standard transformed enthalpy of formation of a
species or reactanf (J mol~1)

transformed enthalpy of reactidd mol~*)
standard transformed enthalpy of reaction

(I molY)

further transformed enthalpy of a systdd
further transformed enthalpy of formation of
reactantj or k (J mol™?%)

standard further transformed enthalpy of
formation of reactant or k (J mol™?)

further transformed enthalpy of reaction

(I mol™?)

standard further transformed enthalpy of
reaction(J mol~*)

ionic strength(M)

equilibrium constant or acid dissociation
constant

apparent equilibrium constant

linkage potentiald mol~1)

amount of species (mol)

amount of reactant at specified pH(mol)
amount of reactant at specified pH andO,]
(mol)

amount of component (mol)

number of different species

number of components

number of hydrogen atoms in species
number of oxygen molecules in species or
reactant

average number of hydrogen atoms in a reactant
average number of oxygen molecules in a
reactant

change in number of hydrogen atoms bound in a
reaction

change in number of oxygen molecules bound in
a reaction

pressurebar9

—log[H*]

—log K

equilibrium mole fraction of

gas constan8.31451 JK* mof?)

number of independent reactions

entropy of a systentJ K=1)

Molar entropy of a specie€l K~ mol™?)
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AS; entropy of formation of specieis(J K=* mol~1)

AS? standard entropy of formation of species
K tmol™Y)

AS entropy of reactior(J K=* mol~?)

A,S° standard entropy of reactidd K~* mol~?)

s transformed entropy of a systetd K—1)

A transformed entropy of formation of specieer
reactantj (J K~ mol™?)

AS™° standard transformed entropy of formation of a
species or reactan (J K= mol™?)

AS transformed entropy of reactidid K—* mol~?)

AS° standard transformed entropy of reaction
QK tmol Y

s further transformed entropy of a systdhK™—?1)

A:S” further transformed entropy of formation of
reactantj or k (J K~ mol™?%)

AS"° standard further transformed entropy of
formation of reactant or k (J K=* mol~?%)

AS" further transformed entropy of reaction
(I K tmol™Y)

AS"° standard further transformed entropy of reaction
(I K tmol™Y)

T temperaturgK)

v, mole fraction in Eq(71)

Wi chemical potential of specigs(J mol~*)

w? standard chemical potential of species
(I mol™?)

W' transformed chemical potential of speciesr
reactantj (J mol~?)

w'e standard transformed chemical potential of
specieg or reactang (J mol~?)

w” further transformed chemical potential of
reactantj or k (J mol™?)

[TH standard further transformed chemical potential
of reactantj or k (J mol™?)

£ extent of reactior(mol)
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